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ABSTRACT. Localized at almost all primes, we describe the structure of differentials in 
several important spectral sequences that compute the cohomology of classifying spaces of 
topological Kac-Moody groups. In particular, we show that for all but a finite set of primes, 
■ these spectral sequences collapse and that there are no additive extension problems. We 

also describe some appealing consequences of these results. The main tool is the use of the 
naturality properties of unstable Adams operations on these classifying spaces. 
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1. Introduction 



The theory of Kac-Moody groups is well established at this point [Kl, K2, Ku]. The com- 
plex points of Kac-Moody groups form a natural extension of the class of semi-simple Lie 
groups, even though they are not finite dimensional in general. Concepts like maximal 
torus, Weyl groups and root systems extend almost by definition to these groups and one 
may even describe the theory of highest weight representations of Kac-Moody groups 
along these lines. As topological groups, one may study Kac-Moody groups through al- 
gebraic invariants like cohomology From the standpoint of homotopy theory, the natural 
object related to a Kac-Moody group K is its classifying space BK. The study of these 
classifying spaces was begun by the author in his doctoral thesis, and much work has 
been done in this area by several authors since. The results on the structure of the classi- 
fying spaces of Kac-Moogy groups show a striking similarity with those for Lie groups. 
For instance, the cohomology rings (with primary coefficients) in question are Noetherian 
and all the standard algebraic decomposition theorems known for classifying spaces of 
compact Lie groups extend to Kac-Moody groups [BrK]. 

It was shown in [Ki, Ki2], that the space BK can be expressed as a homotopy colimit 
of classifying spaces of compact Lie groups denoted by BKj, where J is an object in a 
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suitable finite indexing poset. In particular, one gets a natural spectral sequence known 
as the Bousfield-Kan spectral sequence [BK] that converges to the cohomology of BK and 
has an E 2 -term given by higher inverse limits of the functor H*(BKj). The purpose of 
this article is to show that under some very general assumptions, this spectral sequence 
collapses, and one can recover a lot of useful information about H*(BK) from this fact. 

The main tool used in this article is the action of the unstable Adams operations on the 
Bousfied-Kan spectral sequence. These operations were show to exist in [F]. For the 
convenience of the reader, we shall describe the construction of these operations in section 
3. The main body of the article is organized as follows: In section 2 we shall describe 
the basic background in the theory of Kac-Moody groups that is relevant in our context. 
This will allow us to state the main results. In section 3 we recall the construction of the 
unstable Adams operations, and in section 4 we apply these operations to prove the main 
results. 

Before we begin, we would like to thank all the participants who belong to the group 
"Beyond p-compact groups", for stimulating our interest in these questions. Particular 
thanks to Natalia Castellana and Jesper Grodal for inviting us to participate. 

2. Background and Statement of results 

In the theory of Kac-Moody groups, one begins with a finite integral matrix A = (cii,j)ijei 
with the properties that a iyi = 2 and a^j < for i ^ j. Moreover, we demand that a it j = 
if and only if = 0. These conditions define a generalized Cartan Matrix. A generalized 
Cartan matrix is said to be symmetrizable if it becomes symmetric after multiplication 
with a suitable rational diagonal matrix. 

Given a generalized Cartan matrix A, one may construct a complex Lie algebra g(A) using 
the Harishchandra-Serre relations. The structure theory for the highest weight represen- 
tations of g(A) leads to a construction (in much the same way that Chevalley groups are 
constructed), of a topological group G(A) called the (minimal, split) Kac-Moody group 
over the complex numbers. The group G(A) supports a canonical anti-linear involution 
<jj, and one defines the unitary form K(A) as the fixed group G(A)^. We refer the reader 
to [Ku] for details. 

Given a subset J C I, one may define a parabolic subalgebra $j(A) C g(A). One may 
exponentiate these subalgebras to parabolic subgroups Gj(A) C G(A). We then define 
the unitary Levi factors Kj(A) to be the groups K(A) n Gj(A). Hence K (A) = T is a 
torus of rank 2\I\ — rk(A), called the maximal torus of K(A). The normalizer N(T) of T 
in K(A), is an extension of a discrete group W(A) by T. The Weyl group W(A) has the 
structure of a crystallographic Coxeter group generated by reflections r^i £ I. For J C I, 
let Wj(A) denote the subgroup generated by the corresponding reflections rj,j £ J. The 
group Wj(A) is a crystallographic Coxeter group in its own right that can be identified 
with the Weyl group of Kj(A). 

The inclusions Kj(A) c Gj(A) are homotopy equivalences for all J. In this article we 
will study the classifying space of the topological group K(A). Some of the arithmetic 
arguments we use will require replacing K(A) with G(A). This does not pose any problem 
since G(A) and K(A) are homotopy equivalent. 
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Given a generalized Cartan matrix A = (aijOijej, define a category S(A) to be the poset 
category (under inclusion) of subsets J C I such that K j(A) is a compact Lie group. This 
is equivalent to demanding that Wj(A) is a finite group. Notice that S(A) contains all 
subsets of / of cardinality less than two. In particular, S(A) is nonempty and has an 
initial object given by the empty set. However, S(A) need not have a terminal object. The 
category S(A) is also known as the poset of spherical subsets [D]. 

The topology on the group K(A) is the strong topology generated by the compact sub- 
groups K j(A) for J G S{A) [Ki2, Ku]. More precisely, K(A) is the amalgamated product of 
the compact Lie groups Kj(A), in the category of topological groups. For a arbitrary sub- 
set LCI, the topology induced on homogeneous space of the form K(A)/K L (A) makes 
it into a CW-complex, with only even cells, indexed by the set of cosets W(A)/W L (A). 
Furthermore, the projection maps K(A) / K L (A) — > K(A)/Kj(A) are cellular for L C J. 

Definition 2.1. Define the (finite-type) Topological Tits building X{A) as the K(A)-space: 

X(A) = hocolim J&s(A) K(A)/Kj{A). 
Similarly, define the (spherical-type) Davis complex, D(A) to be the W(A)-space [D]: 

D(A) = hocolim J&s(A) W(A)/Wj(A). 

Notice that by construction, X(A) is a K(A)-CW complex such that all the isotropy sub- 
groups are compact Lie groups. It is well known [Ki] that the space X(A) is equivalent to 
the classifying space EK(A) for proper K(A)-actions. Similarly, the Davis complex D(A) 
is a model for the classifying space for proper W (A) -actions, as can be seen by identifying 
it with the T-fixed set of X(A) (also see [Ki]). In particular, the spaces X(A) and D(A) are 
contractible. 

Taking homotopy orbits of the K(A) and W(A)-action on the spaces X(A), and D(A) 
respectively we get homotopy decompositions: 

BK(A) = hocolim j6<s(j4) BKj(A), BW(A) = hocolim JeiS(A) BWj(i). 

Our main theorem is about the Bousfield-Kan spectral sequence induced by the homo- 
topy decomposition for BK(A): 

Theorem 2.2. Let qbe a prime so that B*(BKj(A); Z) has no q-torsionfor all J e S(A), then in 
the Bousfield-Kan spectral sequence: 

lim^BKjOtyZfc)) => H^(BK(A);Z (g) ), 

the differential d k is trivial ifk is even. In addition, d 2r -i is trivial unless (q — 1) divides (r — 1). 
In particular, the first possible non-trivial differential is d 2q -i. The above result also holds with 
coefficients in any Z ^-module. 

Let K(A) be a Kac-Moody group with generalized Cartan matrix indexed on a set I of 
cardinality n. Then the Bousfield-Kan spectral sequence only supports differentials dk for 
k < n (for dimensional reasons), we will show: 

Corollary 2.3. Let Abe a generalized Cartan matrix indexed on a set I of cardinality n. As- 
sume that H*(BKj(A); Z) has no q-torsionfor all J G S(A), and that 2q > n + 1. Then the 
Bousfield-Kan spectral sequence collapses with coefficients in the ring Z( 5 ). Furthermore, there 
are no additive extension problems. 1 

1 Note: the term E % <f in the spectral sequence may be nontrivial for i > 0, and may contain g-torsion! 
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The inclusion map of the maximal torus BT — > BK(A) induces a map in cohomology 

H*(BK(A)) — ► H*(BT). We have: 

Corollary 2.4. Let q be an odd -prime with the property that the Bousfield-Kan spectral sequence 
collapses with coefficients in Z( 9 ). Then the restriction map H*(BK(A); Z( 9 )) — > H*(BT; Z( 9 )) 
has image given by the Weyl invariants H*(BT, Z( 9 )) W ( A ). Furthermore, the kernel of the restric- 
tion map is the ideal of nilpotent elements in H*(BK(A); Z( 9 )). The above result also holds with 
coefficients in any Z^-module. 

Remark 1. It is easy to show that the Weyl group W(A) has no elements of q-torsion for q > n + 1 
[Ki3]. In particular, the same holds for the subgroups Wj(A)for all J e S(A). For such primes, 
it is well know that H*(BKj(A), Z) has no q-torsion, and so all the results stated above apply. 

In [Ki2] and [Ki3] we showed that the map BN(T) — y BK(A) induces a chomology iso- 
morphism with coefficients in Z( 9 ) for all primes q so that W(A) has no elements of q- 
torsion. We use this fact in the next section to show: 

Corollary 2.5. Let qbea prime so that W(A) has no elements of q-torsion. Consider the Bousfield- 
Kan spectral sequence with coefficients in Z( 9 ), converging to H*(BK(A), Z( 9 )), and the Serre 
spectral sequence for the fibration: 

BT — ► BN(T) — ► BW(A). 

Then the collapse of any one of these spectral sequences implies the collapse of the other. Further- 
more, one may identify the E 2 -terms: W H j (BKj(A), Z (9) ) with H*(W(A), fP(BT, Z ((?) )). The 
above result also holds with coefficients in any Z^-module. 

3. The unstable Adams operations 

Given a compact connected Lie group K, let p be a prime which does not divide the order 
to the Weyl group W(K). Recall [JMO] that there is a unique map (up to homotopy): 
if> : BK — ► BK, with the property that the induced map ip* : H 2fc (BK, Q) — ► H 2fc (BK, Q) 
is given by multiplication by p k . The map if' goes by the name of Unstable Adams operation 
for the prime p. Let us begin this section by reproving the following result: 

Theorem 3.1. [F] Let K(A) denote a Kac-Moody group corresponding to the Cartan matrix A. 
Let pbe a prime so that the Weyl group: W(A) contains no elements of order p. Then there exists 
a family of unstable Adams operations for the prime p: ifjj : BKj(A) — > BKj(A) which are 
compatible (not just up to homotopy) with respect to the inclusions J < L in S(A). In particular, 
one has a global map if> : BK(A) — > BK(A) compatible with the maps if>j under the inclusion 
BKj(A) — y BK(A). 

Remark 2. We call if> the unstable Adams operation on BK(A) for the prime p. Note that we 
do not claim that if) is unique up to homotopy, or that it is diagonal with respect to homogeneous 
decomposition o/H*(BK(v4), Q). 

To construct the global unstable Adams operation ip, we will invoke results of Tits [T], 
and proceed along the lines described by the work of Friedlander-Mislin [FM]. Recall that 
Tits has constructed a functor G R (A) from the category of commutative rings to (discrete) 
groups, that depends on the root datum defined by the generalized Cartan matrix A, and 
yields the (minimal, split) Kac-Moody group when the ring R is a field. 
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Now let p be a prime so that W(A) contains no element of order p. Let W(F P ) denote 
the ring of Witt vectors over the algebraic closure ¥ p of F p . We fix once and for all, an 
embedding of W(F P ) in the complex numbers C. 

Recall that Tits [T] has constructed a functorial group Wr(A) that lifts the Weyl group in 
G R (A). We use this to define the group N W (F P ) c G W ^(A) to be the group generated 

by W W (f and the torsion subgroup of the maximal torus T W p? ) c G W (f )(A). Notice 
that the Nw(F p ) maps naturally to N(T) under the chosen embedding. In addition, the 
Frobenius map agrees with the degree p-map on T, through this embedding. 

Let us now define the space BN(T)^ via the pullback: 

BN(T% BN W (F p ) q, x BN(T)q p 

BN(T) Q -BN(T)" Q , 

where BN(T) q denotes its Adelic completion (i.e. the rationalization of its Z-completion), 
and the space BN(T) q denotes the rationalization of its p-completion. Similarly, the 
space BNw(Fp) q 9 denotes the rationalization of the completion of N W (F P ), at all primes 
q p. The bottom horizontal map BN(T) Q — > BN(T) q is the natural map from the 
rationalization of BN(T) to the Adelic completion of BN(T). 

It is easy to see that both vertical maps in the above diagram are homotopy equivalences. 
The merit of replacing BN(T) Q by the equivalent space BN(T)^ is that we obtain a natural 
automorphism i/j : BN(T)^ — > BN(T)^ that interpolates the self map ip p of BN(T) in- 
duced by the degree p map on T, and the self map of BN W (F P ) induced by the Frobenius 
F p on F p on the respective vertices of the diagram. 

One also has a commutative diagram: 

BG w(fp) (A); x BN(T) p BG (Af q x BG(A} P 

w 

BG w(fp) (A)Q a x BN(T)q p *BG(A} Qq x BG^, 

where the vertical maps are given by rationalization, and the horizontal maps are induced 
by the inclusion W(F P ) C C. It is not hard to show (using the homotopy decoposition of 
BK(A), and results from [FM]) that the horizontal maps are homotopy equivalences (see 
[F] for details). In particular, the space BG W « \(Af q x BN(T) p is a model for BG(A)~that 
admits a self map ip induced by the Frobenius F p on G W (f ^ (A), and the self map of BN(T) 
induced by the degree p map on T. 
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Finally, consider the pullback: 

BG(A) 4 , * BG w(Fp) (A); x BN(T) p 

<t>2 

BN(T)^ -*U BG w(Fp) (A)Q g x BN(T)V 

By construction, the above pullback is equivalent to the arithmetic fracture square for 
BG(A). In other words, BG(A)^ is homotopy equivalent to BG(A), which we know to be 
homotopy equivalent to BK(A). Furthermore, by construction, BG(A)^ supports a self 
map xj) interpolating the corresponding self maps on the vertices of the above diagram. 

Notice that the above constructions are natural with respect to the root data defined by A. 
In particular, the map ip restricts to a self map of BGj(A). By the results of [FM], we see 
that this restriction is indeed equivalent to the unstable Adams operation ipj on BKj(A). 

4. The Bousfield-Kan spectral sequence 

By the naturality of the construction of ip on BK(A), we get an induced action ip* on the 
Bousfield-Kan spectral sequence with coefficients in the ring Z( 9 ) for some prime q. 

Now the £i-term of the Bousfield-Kan spectral sequence has an explicit description of 
the form: 

£M = H^BK^.Zfc)), 
.h<-<Ji 

where we have used the standard simplicial resolution of S(A) to calculate the derived 
functors of lim°. Therefore, if we assume that H*(BKj(A), Z( 9 )) has no g-torsion for all 
J G S(A), then the above group injects into its rationalization, and we observe that the 
action of ip* on is given by multiplication by p' . Notice that if R is any Z( g )-module, 
the lack of torsion implies that H*(BK j(A), R) = H*(BKj(A), Z (q) ) ® R. In particular, the 
action of ip* has the same description with coefficients in R. 

Remark 3. It is an interesting question to ask if the unstable Adams operations for a prime p are 
semi-simple in cohomology, with coefficients in afield. In other words, one would like to know if 
ip* : H*(BK(A),F) — > H*(BK(A),F) can be diagonalized into its eigenspaces. This question 
seems non-trivial even in characteristic zero. 

The proof of theorem 2.2 

In the absence of g-torsion, the groups H*(BKj(A), Z( g )) are evenly graded. Hence the 
differential c4 is trivial for degree reasons if k is even. Now since ip* commutes with the 
differentials, we have the equalities for x e E^-v 

q J ~ r+1 d 2r ~i(x) = ip*d 2r -i(x) = d 2r ~i^*{x) = d 2r -ip j (x) = p j d 2r -i{x). 
In particular, for any prime p so that W(A) has no elements of p-torsion, we have: 

pJ-H-l(pr-l -l)d 2r _ 1 (x)=0. 

Let us pick a prime p that generates the cyclic group (Z/g) x . Then the above equality 
implies that (q — 1) must divide (r — 1). This proves theorem 2.2. 
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Remark 4. The above argument shows that the image of a non-zero differential consists of torsion 
elements with bounded exponent, and it even yields an upper bound on this exponent. 

The proof of corollary 2.3 

We now move to the proof of corollary 2.3. The only statement that requires proof is 
the claim that there are no additive extension problems in the Bousfield-Kan spectral 
sequence. Let q be a prime so that 2q > n + 1. In particular, the Bousfield-Kan spec- 
tral sequence with coefficients in any Z( g )-module collapses. In addition, assume that 
H*(BKj(A), Z( 9 )) has no g-torsion. Hence the the Ei-term of the Bousfield-Kan spectral 
sequence described above is a cochain complex of free Z( 9 )-modules. The universal coef- 
ficient theorem applies to give us a short exact sequence: 

(W R*(BKj(A), Z (3) )) <g> ¥ q — ► W R*(BKj(A),¥ q ) — ► Tor^im*- 1 H*(BK J (A), Z (q) ), W q ). 
Summing over all indices i, we get a short exact sequence: 

0^ ^'(Z ( ,))®F,— ►H^BKM.F,)— ► Tor(^(Z w ),F ff )^0, 

i+j=k i+j=k—l 

where E l £(Z( q )) denotes the Eoo = _E 2 -term in the Bousfield-Kan spectral sequence with 
coefficients in Z( g ) . 

We compare the above short exact sequence to the sequence: 

H fc (BK(A),Z (g) ) ® F, — ► H fc (BK(A), F g ) — ► To^H^BK^), Z (g) ), F ? ) -)• 0. 

Notice that any nontrivial extension in in total degree k, would strictly increase the 
dimension of the terms £' 00 (Z( 9 )) ® ¥ q in comparison with H fc (BK(A), Z( ? )) (8) F 9 . Similarly, 
it would also increase the dimension of Tor(£' 00 (Z( 9 )), F 9 ). This would contradict the fact 
that both short exact sequences have identical middle terms. We conclude that there can 
be no additive extensions, proving corollary 2.3. 

The proof of corollary 2.4 

The next corollary is 2.4. Assume q is an odd prime, and that the Bousfield-Kan spectral 
sequence with coefficients in a r L< q \ -module R collapses. Consider the restriction map 
H*(BK(A), R) — > H*(BT, R). It is clear that this map factors through the surjective edge 
homomorphism: H*(BK(A), i?) — ► lim° H*(BK/(A), R). Since the singletons {i} c / are 
initial objects in S(A). We have the sequence of equalities: 

lim°H*(BKj(A),i2) = p|H*(BKi(A), R) = Q H*(BT, R)^ = H*(BT, R) W{A \ 

iei iei 

where we have used the standard fact that for rings R localized away from 2, the coho- 
mology groups H*(BKj(y4), R) are simply the invariants in H*(BT, R) with respect to the 
simple reflection n. 

Now notice that the kernel of the restriction map is supported in the columns E\ 3 with 
% > 0. Since the Bousfield-Kan spectral sequence has a finite number of columns, its 
multiplicative structure implies that any element supported on a non-zero column must 
be nilpotent. In fact, any n-fold product of such elements is trivial, where n is the size of 
the generalized Cartan matrix. This proves 2.4. 



7 



The proof of corollary 2.5 



Finally, we come to corollary 2.5. Recall that the homotopy orbits of the W(A)-action 
on the Davis complex D(A) furnished us with a homotopy decomposition of BW(A) in 
terms of BWj(A). One has a Bousfield-Kan spectral sequence for this decomposition, 
with coefficients in any W(A)-module. More precisely, given a W(A)-module M, we have 
the Bousfield-Kan spectral sequence computing group cohomology: 

E^ = WrP'(Wj(A),M) R i+j {W{A),M). 

Now assume that M is a Z(g)-module, where q is a prime so that there are no elements 
of q- torsion in W(A). In particular, q is prime to the order of Wj(A) for all J G S(A). It 
follows that the above spectral sequence collapses to the invariants to give: 

H fc (W(A),M) = \im k M Wj W. 

Let us apply this observation to the Serre spectral sequence, with coefficients in a Z( 9 )- 
module R, for the fibration: 

BT — ► BN(T) — ► BW(A). 

We know that the E 2 -term is given by H l (W(A), EF(BT, R)). Assuming there are no ele- 
ments in W(A) of g-torsion, we have: 

E%* = lim 1 IP(BT, R) Wj{A) = lim 1 W(BKj(A), R). 

The right hand side is the E^-term of the Bousfield-Kan spectral sequence. 

Now recall from [Ki2, Ki3] that for a prime q that does not occur in the torsion of W(A), 
the localization of BN(T) agrees with that of BK(A). Therefore we notice that both spec- 
tral sequences converge to the same groups. Hence the collapse of one must imply the 
collapse of the other. 

The Bousfield-Kan spectral sequence for the topological Tits building 

In this article, we have studied the Bousfield-Kan spectral sequence induced by the ho- 
motopy decomposition for BK(A). Recall that this homotopy decomposition was ob- 
tained by taking homotopy orbits with respect to the K(A)-action on the topological Tits 
building X{A). One may as well ask for the structure of the Bousfield-Kan spectral se- 
quence for X(A): 

E%> = lim i B\ j (K{A)/Kj{A),R) => (X (A) , R) . 
For this spectral sequence, we have: 

Claim 4.1. Let R denote any coefficients, then the terms E % ^ in the Bousfield-Kan spectral se- 
quence converging to ~H*(X(A), R) are all zero for i + j > 0. 

Proof. Recall that we may describe the spaces K(A)/Kj(A) as CW complexes with only 
even cells (see the section with background). Furthermore, the projection maps given by 
K(A)/Kj(A) — y K(A)/K L (A) are cellular for an inclusion J < L in S(A). It follows 
that the homotopy colimit X(A) has a canonical CW structure induced from the cellular 
diagram. One checks that the .E^-term in the Bousfield-Kan spectral sequence can be 
identified with the cellular cochain complex for X(A), and therefore the ^-term is the 
singular cohomology of X(A), with coefficients in R. This cohomology is trivial since 
X(A) is contractible. □ 
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